A concept of energy harvesting from vortex-induced vibrations of a rigid circular cylinder with two piezoelectric beams attached is investigated. The variations of the power levels with the free stream velocity are determined. A mathematical approach including the coupled cylinder motion and harvested voltage is presented. The effects of the load resistance, piezoelectric materials, and circuit combined on the natural frequency and damping of the vibratory system are determined by performing a linear analysis. The dynamic response of the cylinder and harvested energy are investigated. The results show that the harvested level in SS and SP&PS modes is the same with different values of load resistance. For four different system parameters, the results show that the bigger size of cylinder with PZT beams can obtain the higher harvested power.
Introduction
Energy harvesting from vibrations, such as ambient and aeroelastic vibrations, has been proposed for powering electronic components. Many published literatures focused on utilizing these vibrations to either supply power for low power consumption devices, like microelectromechanical systems and actuators [1, 2] , and wireless sensors and health monitoring [3, 4] or replace batteries that have a finite life span and require hard and expensive maintenance [5] . Nowadays, great efforts have been made to investigate the energy harvesting from mechanical vibrations induced by base excitation. Conversion of aeroelastic vibrations of wings to electrical power was investigated by Erturk et al. [6] , De Marqui Jr. et al. [7, 8] , and Abdelkefi et al. [9] [10] [11] [12] . And a few investigations [13] [14] [15] focused on the conversion of vortexinduced vibrations of fluttering flags or microstructured piezobimorph to electrical power.
Vortex-induced vibrations (VIV) are a kind of self-excited vibration. When the vortex shedding frequency becomes close to the natural frequency of vibration of the bluff body, a lock-in or synchronization phenomenon will happen [16] [17] [18] [19] [20] [21] [22] . Williamson and coworkers [23] [24] [25] [26] [27] [28] [29] indicated that there are different response modes which depend on the massdamping parameter. Govardhan and Williamson [30] defined the "modified Griffin plot" to reveal the effect of Reynolds number for the VIV peak-amplitude response. Morse and Williamson [31] [32] [33] studied the vortex-induced vibrations prediction by employing controlled motion.
A literature survey shows that few efforts have been taken to study the VIV energy harvester in the inland rivers. But we all know that the flow direction of the inland rivers is always the same during a whole year, and the range of flow speeds is certain; for example, the flow speed is about 0.5-2 m/s in the three-gorge reservoir area of the Yangtze River. The objective of this work is to investigate the possibility of using VIV oscillations of structures to harvest electrical power in the inland river. Particularly, we hope to decide the power levels that can be generated from VIV oscillations of a circular cylinder and variations of these levels with the free stream velocity. To this end, we attach two piezoelectric beams to the transverse displacement degree of freedom of the cylinder 2 Mathematical Problems in Engineering and develop a method for the coupled VIV-energy harvesting system. Because these vibrations and energy harvesting are nonlinear, so we also investigate the impacts of cylinder size, piezoelectric materials, load resistance, and circuit combined modes on the harvested power levels.
In this work, a mathematical approach is employed to investigate and analyze the problem of energy harvesting from VIV oscillations. Section 2 presents the mathematical model and the parameters of different combined modes. The impact of the load resistance on the natural frequency and damping of the oscillatory system is discussed through the linear analysis in Section 3. The discussion of the level of the power that can be harvested and the effects of the piezoelectric materials, load resistance, and circuit combined modes on the harvested power, voltage output, and displacement amplitude goes to Section 4. Conclusions are included in Section 5.
Mathematical Model
As shown in Figure 1 , two piezoelectric beams are attached to the transverse displacement of the cylinder to harvest energy. The governing equation of motion of a spring-mounted rigid cylinder and the Gauss law [6, 9] are coupled as
where is the oscillating mass, is the damping ratio, is the natural frequency in water, and ( ) is the fluid force in the transverse direction. is the effective electromechanical coupling coefficient and is the harvested voltage across the load resistance. is the equivalent load resistance and is the equivalent capacitance of the piezoelectric layer. The piezoelectric layers of the bimorph cantilever can be combined in series or parallel [34] , and there are two bimorph cantilevers existing in our system, so there will be four circuit combined modes, as shown in Figure 2 .
(1) SS mode: the piezoelectric layers of one cantilever are combined in series and the two cantilevers are combined in series.
(2) SP mode: the piezoelectric layers of one cantilever are combined in series and the two cantilevers are combined in parallel.
(3) PS mode: the piezoelectric layers of one cantilever are combined in parallel and the two cantilevers are combined in series.
(4) PP mode: the piezoelectric layers of one cantilever are combined in parallel and the two cantilevers are combined in parallel.
The equivalent circuits for a load resistance of these modes are shown in Figure 3 . The equivalent capacitance , the effective electromechanical coupling coefficient , and the equivalent load resistance of these four modes can be written as follows. For the SS mode,
For the SP&PS mode,
For the PP mode,
where is the capacitance of a single piezoelectric layer, is the electromechanical coupling coefficient, is the load resistance, 31 is the piezoelectric constant, 0 is the vacuum permittivity, is the relative permittivity, ℎ , , and are used to represent the height, width, and length of the piezoelectric layer, and ℎ is the height of the substructure.
Linear Analysis of the Electromechanical Model
In order to determine the effects of the load resistance and circuit combined modes on the structural natural frequency and damping of the electromechanical system, we perform Mathematical Problems in Engineering We rewrite the equations of the motion aṡ
where 1 = , 2 =, and 3 = .
These equations can be expressed in the following matrix form:Ẋ = X,
where includes all parameters that affect the linear part of the system. This matrix can be used to investigate the effects 4
Mathematical Problems in Engineering Re(k 1 ) Re(k 1 ) Re(k 1 ) of load resistance, damping ratio, and electromechanical coupling coefficients on the structural natural frequency and damping of electromechanical system. The matrix in (8) has three eigenvalues , = 1, 2, 3. Abdelkefi et al. [35, 36] indicated that the first two eigenvalues are similar to those of a pure vibration system without piezoelectricity effect. The real part of these eigenvalues represents the damping coefficient and the positive imaginary part corresponds to the global frequency of the coupled system. The third eigenvalue, which is due to the electromechanical coupling, is always negative. Then the imaginary and real parts of 1 can be expressed as
where em and em are used to represent the natural frequency and damping ratio of the electromechanical system. In this work, we consider four different configurations, namely, System 1, System 2, System 3, and System 4. The piezoelectric materials of System 1 and System 3 are PZT, while the piezoelectric materials of System 2 and System 4 are PVDF. Firstly, we compare these four systems in SP&PS mode to neglect the effects of the circuit connections mode, and, then, in order to analyze the effects of the circuit connections mode, we make the linear analysis of System 1 in SS, SP&PS, and PP modes. The parameters of these four configurations are presented in Table 1 . Figure 4 shows variations of the imaginary and real parts of the complex eigenvalues with the load resistance. In the four systems, a steep increase of the imaginary part is noted over the load resistance values. For System 1, the steep increase occurs between 10 4 Ω and 6 × 10 5 Ω; for System 2, the steep increase occurs between 3 × 10 5 Ω and 10 7 Ω; for System 3, the steep increase occurs between 4 × 10 4 Ω and 10 6 Ω; for System 4, the steep increase occurs between From Figure 4 we can also note that the real part which indicates the electromechanical damping reaches maxima at a specific value of the load resistance for the four systems.
This linear analysis gives a clear idea about the effect of the load resistance and piezoelectric material on the global frequency and the electromechanical damping. We note that although there is a steep increase of the imaginary part in the four systems, the absolute value changes of the global frequency are not significant, especially for System 2 and System 4 with PVDF piezoelectric material. The value changes of the electromechanical damping are also small, particularly for System 2 and System 4. System 1 in different combined modes. From Figure 5 (a) we note that the global frequency change is smallest in PP mode, and the global frequency changes in SS mode and SP&PS mode are almost the same. We also note that the global frequency increase regions are different. The PP mode is between 3 × 10 3 Ω and 10 5 Ω, the SP&PS mode is between 10 4 Ω and 6 × 10 5 Ω, and the SS mode is between 2 × 10 4 Ω and 5 × 10 6 Ω. From Figure 5 (b) we note that the maximum electromechanical damping is smallest in PP mode, the same value in SS mode and SP&PS mode. We note also that the region of load resistance over which the electromechanical damping is relatively high coincides with the region over which the steep increase in the global frequency occurs.
Nonlinear Analysis of the Electromechanical System
The dynamics of a freely vibrating cylinder from controlled vibration force measurement (for both steady-state and transient behaviors) is modeled by Morse and Williamson [33] . The equation of motion for vortex-induced vibration in the transverse ( ) direction (normal to the flow) is as follows:
If we substitute (9) into the equation of motion (10), we can obtain the fluid-electromechanical coupled equation: 
Steady-State Equations of Motion for Free Vibration.
We assume that the motion takes on a sinusoidal form with the periodic vortex-formation mode and the displacement and force equations can be expressed as
where = 2 is the oscillation frequency and is the phase angle between the fluid force and the body displacement.
We substitute (12) and (13) into the fluid-electromechanical coupled equation (11), and we can obtain the "amplitude equation" and the "frequency equation" as follows:
where * = / , is the cylinder diameter, sin is the force coefficient in phase with the body velocity, * = / , is the free stream velocity, is the natural frequency in water, * = 4 / 2 is the mass ratio, is the fluid density, is the submerged cylinder length, is the potential flow added-mass coefficient ( = 1.0 for a circular cylinder), = (1/2 3 )( cos / * )( * / * ) 2 is an "effective" added-mass coefficient, and * = / is the frequency ratio.
From the force contours in Figure 3 presented by [33] , we can predict the steady-state (sinusoidal) response (amplitude, * , and frequency, * ) of the coupled system for a given set of system parameters { * , em , * }.
Quasi-Steady Model for Free Vibration
Response. We still assume that the motion takes on a sinusoidal form with varying amplitude and frequency. We introduce the "effective damping" and "effective mass" as follows: The effective damping will determine if the amplitude increases or decreases as follows:
The frequency ratio can be expressed as * = √ * + * eff .
Once we define the system parameters { * , em , * } and initial values for * and * , we can implement the quasisteady model.
We use the steady-state and quasi-steady model to calculate the dynamic response of the coupled system. More details about the steady-state and quasi-steady model can be found in Morse and Williamson [33] .
The Harvested Voltage and Power.
Once we obtain the coupled system dynamic response, we can substitute (12) into (2) to yielḋ+
Solving (18), we can obtain
The first term 1 − / on the right tends to 0 as the time ( ) increases, so we rewrite (19) :
where cos = / √ 1 + 2 2 2 and sin
From (20), we can obtain the maximum voltage ( max ):
The maximum power ( max ) will be
The dependence of the system response on the free stream velocity is shown in Figures 6 to 8 . From Figure 6 , we note that the synchronization regions of the four systems are among the same free stream velocities between 1.0 m/s and 3.0 m/s. These phenomena are due to the small value changes of the global frequency and electromechanical damping, as aforementioned ( Figure 4) .
Variation of the maximum of the harvested voltage with the free stream velocity for different values of the load resistance is shown in Figure 7 . We note that the maximum voltage near 120 V can be attainted for = 10 7 Ω for System 1, near 30 V for = 10 9 Ω for System 2, near 25 V for = 10 8 Ω
for System 3, and near 6.5 V for = 10 9 Ω for System 4, respectively. We also note that the maximum voltages for the four systems are obtained at the free stream velocity of 1.25 m/s. Figure 8 shows the harvested power for different values of the load resistance for the four systems. They show maximum power levels near 0.28 W, 3.7 × 10 −4 W, 2 × 10 −3 W, and 3.5 × 10 −6 W that can be attained for = 3 × 10 4 Ω, = 10 6 Ω, = 2 × 10 5 Ω, and = 8 × 10 6 Ω for System 1, System 2, System 3, and System 4, respectively. Figure 9 shows the transverse displacement for different values of the load resistance for System 1 in Figure 9 (a) SS mode and Figure 9 (b) PP mode. When we compared it with Figure 6 (a), we note that the combined mode has no significant effect on the transverse displacement. The harvested voltages for different values of the load resistance for System 1 in SS mode and PP mode are shown in Figures 10(a) and 10(b) , respectively. We note that the maximum voltage near 240 V can be attained for = 10 7 Ω in SS mode; meanwhile, the maximum voltage near 120 V and 60 V can be attained in SP mode (Figure 7(a) ) and PP mode, respectively. We observed the effects of the harvested voltage which coursed by the combined mode. The harvested voltage is maximum in SS mode, then the second is SP mode, and the smallest is PP mode. Figure 8 (a), we note that the maximum power level near 0.28 W can be attained in both SS mode and SP mode, but for different load resistances. For SS mode, the corresponding load resistance is = 10 5 Ω and for SP mode it is = 3×10 4 Ω. Meanwhile, the maximum power level near 0.065 W can be attained for = 10 4 Ω in PP mode. The maximum power and the optimal load resistance are affected by the combined mode, and the harvested power and the optimal load resistance are the smallest in PP mode.
Variations of the maximum of transverse displacement, the harvested voltage, and the harvested power with the load resistance for System 1 in SS, SP&PS, and PP modes are shown in Figure 12 . From Figures 12(a) and 12(c) , we note that the transverse displacement is the smallest when the maximum harvested power is attained in all of the three combined modes. From Figure 12 (b), we note that the harvested voltage increases as the load resistance is increased and reaches a constant value. The SS mode can obtain the largest harvested voltage, the harvested voltage of SP&PS mode is medium, and the smallest voltage is attained in PP mode. And we also note that the maximum harvested power is attained before the voltage reaches the constant value in all of the three modes.
Conclusions
In the present study, the concept of energy harvesting from the vortex-induced vibration of a circular cylinder by attaching two piezoelectric beams was investigated. We developed a mathematical approach to solve the fluid-electromechanical coupled problem. The equivalent circuits of four different combined modes are presented. The dynamic response of the fluid-electromechanical coupled system is modeled by using the controlled vibration contour plots of fluid force. The results show that the piezoelectric materials, circuit combined mode, cylinder size, and load resistance influence the global natural frequency and the damping of systems. The results also show that the absolute value changes of the global natural frequency and the damping are very small in all four systems. By comparing the four systems in SP&PS mode, when the size of the cylinder is the same, the maximum of the damping is bigger by the PZT than the PVDF ones, and the corresponding load resistance is smaller by the PZT than the PVDF ones. The maximum of the damping is the smallest in PP mode, meanwhile it is almost equal in SS mode and SP&PS mode, when we compared System 1 in the different circuit combined modes.
The harvested power level drops quickly for some free stream velocities, and the maximum harvested power associated with the transverse displacement and the load resistance value. A comparison of the same size cylinder shows that the bigger harvested power can be obtained when the PZT is used. And a bigger harvested power is obtained in the bigger cylinder system when the same piezoelectric material is used. By comparing System 1 in different circuit combined modes, the maximum of the harvested voltage is the smallest one in PP mode and the biggest one in SS mode. The maximum of the harvested power is smallest in PP mode and almost the same in SS mode and SP&PS mode, but the corresponding load resistance is much bigger in SS mode. All the results suggest the potential of using them for energy harvesting from VIV in water flow.
